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We analyse the in¯ uence of charged impurities and ¯ exoelectric polarization on the optical
transmission of a hybrid aligned nematic liquid crystal cell. The theoretical results obtained
within the framework of the Poisson± Boltzmann equation and Frank elastic theory are
compared with the observed optical response [N. V. Madhusudana and G. Durand, J. Phys.
Lett. 46, L-195 (1985)]. We show that impurities can be very important for the behaviour of
the system in the low ® eld regime where the ¯ exoelectric e� ect is relevant, and we determine
the ¯ exoelectric coe� cient, the anchoring strength, and the concentration of impurities in the
sample previously studied by Madhusudana and Durand.

1. Introduction with 4-methoxybenzylidene-4¾ -butylaniline (MBBA) [6].
Liquid crystalline materials formed by organic Their measurements are remarkably clear: at low

cigar- or disk-like molecules do not exhibit ferroelectric voltages the optical phase retardation within the cell
polarization even if the constituent molecules bear a is practically voltage-independent, and at high voltages
permanent electric dipole. However, in some nematics a it varies linearly with the applied voltage. Although the
net electric polarization can be induced by a mechanical low voltage plateau seems to indicate the presence of
deformation of the director ® eld [1, 2]. This so-called charged impurities in the liquid crystal, in the original
¯ exoelectricpolarization is analogous to the piezoelectric paper the optical behaviour was interpreted only in terms
polarization in solids [3, 4] and is present, in particular, of the ¯ exoelectric and dielectric e� ect. The simple inter-
in hybrid nematic cells characterized by homeotropic pretation of Madhusudana and Durand was physically
molecular alignment at one boundary surface and planar sound, but probably not elaborate enough to yield a
alignment at the other one, which, of course, results in precise value of the ¯ exoelectric coe� cient.
a distorted equilibrium director ® eld. In this study, we reconsider the Madhusudana±

Some years ago, hybrid cells were proposed for Durand data within a more comprehensive theoretical
non-linear electro-optical applications [5]. One of their framework including the dielectric e� ect, the ¯ exoelectric
most prominent properties is the thresholdless response polarization, and the presence of charged impurities,
to an external electric ® eld, in contrast to homogeneous which are most likely present in any sample. Since an
planar or homeotropic cells where the reorientation electric polarization P is associated with a bulk charge
occurs above the FreÂ edericksz threshold [2]. This means density rp = Õ = ¯ P, it is clear that a bulk distribution
that in a hybrid geometry, it is possible to explore the of charges may alter the linear ® eld response of the
e� ect of very weak electric ® elds on nematic materials. nematic cell.
In fact, hybrid cells represent a unique system sensitive In previous analyses of the experimental data concerned
to linear coupling between the nematic director ® eld and with the determination of the ¯ exoelectric coe� cient in
the electric ® eld. nematic materials [7± 13], these e� ects have not beenSimilar arguments probably motivated Madhusudana taken into account all together, presumably because theand Durand to design and perform the ® rst systematic combined electro-mechanical equilibrium of the systemstudy of the electro-optic e� ect in a hybrid cell ® lled

is not tractable analytically and requires a numerical
treatment. In this study, the constitutive equations are
solved self-consistently for the ® rst time, and we show*Author for correspondence; e-mail: primoz.ziherl@ijs.si
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1172 S. Ponti et al.

that the original estimate of the ¯ exoelectric coe� cient The e� ective refractive index
of MBBA as calculated by Madhusudana and Durand
is probably incorrect. 1

n2
e f f

=
cos2 w(z)

n2
o

+
sin2 w(z)

n2
e

(2)
This paper is organized as follows: the Madhusudana±

Durand experiment is outlined in §2, while §3 summarizes depends on the orientation of the nematic director,
the main theoretical concepts of the phenomenological which is described by the tilt angle w(z); no and ne are
description of nematic liquid crystals in an electric ® eld the ordinary and the extraordinary refractive indices,
based on Frank elasticity, Debye± HuÈ ckel theory, and respectively, of the liquid crystal (for MBBA no = 1.57
the Poisson± Boltzmann equation. In §4 the results of the and ne = 1.80 [14]), and z is the coordinate normal to
numerical analysis are discussed and §5 concludes the the boundary plates.
paper.

2.2. Results
2. Madhusudana ± Durand experiment Madhusudana and Durand observed that the electric

2.1. Set-up ® eld e� ect was completely screened at low voltages
Let us brie¯ y describe the experiment of Madhusudana (up to Ô 1 V), which implies that the liquid crystalline

and Durand [6], who studied the optical path di� erence sample contained some charged impurities. For large
between the ordinary and extraordinary ray of a light electric ® elds the optical response of the nematic liquid
beam impinging normally on a hybrid nematic cell in a crystal was polar-dependent. The magnitude of the
d.c. electric ® eld. The measurements were performed slope of the measured optical path di� erence was larger
using a tilting compensator in conjunction with a Leitz for positive voltages (negative electric ® elds) than for
polarizing microscope. negative voltages (positive electric ® elds).

In the experiment the nematic liquid crystal was By assuming that the homeotropic anchoring was
sandwiched between two transparent indium tin oxide weak, Madhusudana and Durand interpreted the polar
coated glass plates. The upper electrode had a silicon character of the optical response of their cell solely in
monoxide coating at an oblique angle to ensure strong terms of a ¯ exoelectric e� ect. In their model the free
planar anchoring. The lower plate was treated with a energy density consisted of the usual elastic term and
silane for homeotropic alignment. The anchoring strength the ¯ exoelectric polarization coupled to the applied
was introduced as a ® tting parameter and was found to electric ® eld, but the e� ect of impurities was not taken
be weak at the homeotropic plate. The planar plate was into account. The electric potential in the liquid crystal
connected to the source terminal of a d.c. power supply was assumed to be independent of the ¯ exoelectric
and the homeotropic one to the common terminal polarization. The dielectric contribution was considered
(® gure 1). The sample thickness d# 22mm was ® xed by qualitatively only for high applied voltages (1± 5 V) where
mylar spacer, and the measurements were made at room the magnitude of the dielectric energy becomes com-
temperature. parable to the ¯ exoelectric energy, but the quantitative

In the case of planar distortion, the optical path analysis was not carried out.
di� erence between the ordinary and extraordinary ray
of normally incident light is given by 3. Theoretical framework

In the following, our theoretical model is developed
Dl =P d/2

Õ
d/2

(ne f f Õ no )dz. (1) in two steps: we start with a discussion of the behaviour
of charged impurities dissolved in an isotropic liquid,
and then we extend the theory to account for the elastic
and electric properties of the liquid crystalline material.

3.1. Isotropic electrolytes in a d.c. electric ® eld
Let us ® rst consider an electroneutral solution of ions

of equal and opposite charge in an isotropic liquid. The
system is bounded by parallel ¯ at electrodes, which are
supposed to be perfectly blocking so that no injection
of charges is possible. In this one-dimensional slab
geometry all physical quantities depend only on the
transverse coordinate z.

Figure 1. Hybrid aligned nematic cell with homeotropic At equilibrium the ion density r and the electricanchoring at the lower plate and homogeneous anchoring
potential U are related by the Poisson equation DU =at the upper one. The distribution of the ions (here

represented schematically) depends on the applied voltage. Õ r/ee0 , where D is the Laplace operator and e is the
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1173Flexoelectro-optics of a hybrid NL C cell

dielectric permittivity of the medium. The ion density is 2.2. T otal thermodynamic potential
If the isotropic medium is replaced by a nematic liquidgiven by r = q (n

+
Õ n

Õ
), where q is the ion charge and

n
+

and n
Õ

represent the densities of positive andnegative crystal, the above description must be extended to
account for the elastic properties of the medium, itsions, respectively.

If the applied voltage V is 0, n
+

= n
Õ

, because the dielectric anisotropy, and the ¯ exoelectric polarization.
According to Frank, the elastic energy densityliquid is supposed to be electrically neutral. For a solution

of interacting ions this assumption is correct on scales
larger than the Debye screening length LD , where gd =

1

2
[K 1 1 (= ¯ n)2 +K 2 2 (n ¯ = Ö n)2 +K 3 3 (n Ö = Ö n)2 ]

interion interactions can be neglected [15]. In this
case the screening length is determined by the Debye± (7)
HuÈ ckel theory. At equilibrium, the electrolyte solution

consists of splay, twist, and bend terms [18], whereascan be assumed to follow Boltzmann statistics so
the electric free energy density readsthat n

+
= n0 exp(Õ qU/kB T ) and n

Õ
= n0 exp(qU/kB T ),

which gives
ge = Õ

e0

2
E ¯ e_¯ E Õ P¯ E+rU (8)

r = Õ 2n0 q sinh
U

U T
(3)

where E = Õ = U is the electric ® eld, e_ is the dielectric
permittivity tensor, and P the ¯ exoelectric polarization

where n0 is the density of positive (negative) ions at given by
U = 0, and U T = kB T /q is the thermal potential # 0.025 V

P =e1 1 n(= ¯ n) Õ e3 3 n Ö (= Ö n) (9)at room temperature. We stress that the Boltzmann
distribution satis® es the balance of the conduction where e1 1 and e3 3 are the ¯ exoelectric coe� cients [1, 2].
current against the di� usion current for both kinds of The sample considered is bounded by walls located
ions [16]. In one dimensional geometry, the combined at z = Ô d/2. Being interested primarily in the ¯ exo-
Poisson± Boltzmann equation reads electric coupling and the e� ect of charged impurities, we

assume that the elastic free energy can be simpli® ed by
setting K ii = K . In terms of the mechanical coordinated2

dz2
U =

U T

L2
D

sinh
U

U T
(4)

w (the angle between the director and the normal to the
substrates) and the electrical coordinate U (the electricwhere potential), the total free energy density in the one
constant approximation reads

LD = Aee0 kB T

2n0 q2 B1 /2

(5)
g =

1

2
K w ¾ 2 Õ

1

2
(e) +ea cos2 w)e0 U ¾ 2

is the Debye screening length. The solution of equation (4)
depends on n0 , and n0 itself is determined self-

Õ
1

2
e sin(2w)w ¾ U ¾ +rU (10)consistently by the conservation of charges. In other

words, n0 is given by
where K is the average elastic constant, ea =e

d
Õ e) is

the dielectric anisotropy (indices d and ) refer to n),P d/2

Õ
d/2

n
+

dz =P d/2

Õ
d/2

n0 exp(Õ qU/kB T )dz = n d (6) e=e1 1+e3 3 is the ¯ exoelectric coe� cient, and prime stands
for d/dz. Note that in a planar geometry the ¯ exoelectric
polarization can be written as Pz (z)= Õ 1/2e sin(2w)w ¾ .where n  is the average density of charges and d is the
For MBBA, the values of the parameters enteringthickness of the sample.
equation (10) are given by K = 5 Ö 10Õ 1 2 N, e) = 5.4,How does the distribution of ions depend on the
and ea = Õ 0.7 [2].applied electric ® eld? At low voltages, the variation of

The interaction between the liquid crystal and thethe ion density across the sample is small and n # n0
homeotropic plate is modelled by the Rapini± Papoular[17]. As the voltage increases, the ions gradually collect
ansatzat the boundary plates and screen the applied voltage

until the bulk of the liquid becomes almost pure. At
gs =

1

2
W sin2 w(z = Õ d/2) (11)very high voltages, the sample eventually behaves like a

capacitor with surface charge density modi® ed by the
ionic contribution s= Ÿ Õ d/2+l

Õ
d/2 r(z) dz# qn d (l~LD being where W is the anchoring strength. The anchoring

strength at the homogeneous (=non-degenerate planar)the thickness of the region where the charges condense),
and the e� ective voltage is given by Ve f f = V Õ sd/ee0 . plate is assumed to be in® nite.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
1
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



1174 S. Ponti et al.

The equilibrium pro® les of the tilt angle and the This voltage shift is responsible for the discrepancy
between the actual and the nominal voltage between theelectric potential are determined by minimizing the

total thermodynamic potential. The standard variational electrodes [8], and has to be taken into account.
method yields the Euler± Lagrange equations

4. Numerical results and discussion

In order to analyse the competition between theK w ² Õ
1

2
ea e0 sin(2w)U ¾ 2 Õ

1

2
e sin(2w)U ² =0 (12)

¯ exoelectric and the ionic e� ect, the optical path
di� erence is computed numerically and compared withand
the Madhusudana± Durand experimental data. It is not

r+ (e) +ea cos2 w)e0 U ² Õ ea e0 sin(2w)w ¾ U ¾ di� cult to see from the conditions for the electro-
mechanical equilibrium [equations (12) and (14)] that

+
1

2
e sin(2w)w ² +e cos(2w)w ¾ 2 = 0. (13) the impurities combine the electric response of the liquid

crystal with the director ® eld. Since E is a function of
Using the de® nition of the Debye screening length for the director ® eld, the energy term linear in the ¯ exo-
a non-compensated system with e substituted by e) electric polarization and the electric ® eld cannot be
[equation (5)], equation (13) can be rewritten as integrated out as a surface term, and the ¯ exoelectric

polarization gives a bulk contribution to the free energyA1+
ea

e)
cos2 wBU ² Õ

ea

e)
sin(2w)w ¾ U ¾ +

e

2e)
sin(2w)w ² density. This is the sole bulk polar e� ect and is not

masked by other possible polar e� ects, which in general
may take place only at the boundaries [20, 21]. For this

+
e

e)
cos(2w)w ¾ 2 =

U T

L2
D

sinh
U

U T
. (14) reason the bare ¯ exoelectric polarization is expected to

be relevant for potential polar optical response.
The corresponding boundary conditions for the How does the optical response of the liquid crystal,
mechanical coordinate read Dl, change with the ¯ exoelectric coe� cient, the density

of impurities, and the anchoring strength at the homeo-
K w ¾ Õ

1

2
(W +eU ¾ ) sin 2w = 0 (15) tropic substrate? First of all, it is not hard to see that

the Euler± Lagrange equations as well as the boundary
at z = Õ d/2 and conditions derived in §3 are highly non-linear, which

implies that the optical path di� erence is also a ratherw =p/2 (16)
complicated and non-linear function of the threeat z = d/2. Since the applied voltage is equal to parameters. Being interested primarily in the analysis

V, U (d/2) Õ U (Õ d/2) =V. Without loss of generality we of the Madhusudana± Durand experiment, we willset focus on moderate variations of the three parameters
U (z = Ô d/2)= Ô V/2. (17) about their best-® t values, e = 8.8 Ö 10Õ 1 1 C mÕ 1 ,

n = 1.2 Ö 102 0 mÕ 3 , and W = 1.6 Ö 10Õ 5 J mÕ 2 .w(z) and U (z) are found by solving the above set of
Let us start with the ¯ exoelectric coe� cient. As shownequations numerically. A brief inspection of equations

in ® gure 2, an increase of e basically enhances the optical(12) and (14) shows that whenever the dielectric aniso-
response of the system in the whole voltage range. Intropy is zero and charged impurities are absent, the
fact, it turns out that apart from the non-monotonic,mechanical coordinate is independent of the electrical
wiggly details in Dl that appear at voltages from 0.5 tocoordinate. Equation (12) reduces to K e f f w ¾ = const.,
1.5 V, the three curves presented in the ® gure actuallywhere K e f f = K + (e2 /4ezze0 ) sin2 (2w). This means that
collapse into one if the voltage is scaled by the relativethe ¯ exoelectric polarization renormalizes the bulk
change of the ¯ exoelectric coe� cient. One can concludeelastic constant of the medium [7, 8, 19]. Moreover,
that in the voltage range studied by Madhusudanaunder the same conditions equation (13) leads to
and Durand, the sensitivity of the cell seems to be pro-the well-known electrostatic constitutive relation
portional to the ¯ exoelectric coe� cient, which impliesezze0 U ¾ + (e/2 ) sin(2w)w ¾ = Õ Dz = const.
that in this particular experiment the ¯ exoelectric e� ectBefore proceeding with the analysis of the
is more important than the dielectric coupling.Madhusudana± Durand results, let us remark that the

The role of the density of impurities is rather more¯ exoelectric polarization due to the deformation of
complicated. A small increase of n  from the best-® t valuethe director ® eld gives rise to a voltage shift, which can,
does indeed slightly broaden the low voltage plateau atin the strong anchoring limit, be estimated by
negative voltages, which is an expected consequence of
the screening (® gure 3). But at positive voltages the

VP =
e

2ea e0

ln
e)

e
d

. (18)
primary result of a variation of the density of impurities
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1175Flexoelectro-optics of a hybrid NL C cell

Figure 4. Optical pathdi� erence fordi� erentanchoring strengths:Figure 2. Optical path di� erence versus applied voltage
for di� erent values of the ¯ exoelectric coe� cient: W = 4.8 Ö 10Õ 5 J mÕ 2 (dashed line), 1.6 Ö 10Õ 5 J mÕ 2

(solid line, best ® t), and 1.0 Ö 10Õ 5 J mÕ 2 (dotted line). Ate =7.5 Ö 10Õ 1 1 C mÕ 1 (dashed line), 8.8 Ö 10Õ 1 1 C mÕ 1

(solid line, best ® t), and 10.0 Ö 10Õ 1 1 C mÕ 1 (dotted line); positive voltages, the optical response depends strongly
on W but at negative V it is virtually insensitive ton  and W are equal to their best-® t values, 1.2 Ö 102 0 mÕ 3

and 1.6 Ö 10Õ 5 J mÕ 2 , respectively. Apparently, the ¯ exo- variations of the anchoring strength. In all curves, e and
n  are equal to their best-® t values, and the crosseselectric coe� cient determines the sensitivity of the cell in

the whole voltage range studied by Madhusudana and correspond to the experimental data.
Durand. Crosses: experimental data.

value also changes the shape and the position of the
wiggles in the 0.5± 1.5 V range, suggesting that W and n 
enter the electro-mechanical equilibrium through the
same mechanism.

Why is the optical path di� erence so insensitive to
variations of the density of impurities and the anchoring
strength at negative voltages as compared with positive
voltages? To ® nd the answer, one should take a look at
the tilt angle pro® les (® gure 5), which reveal a dramatic
polar e� ect: at negative voltages, w is very smooth and
does not depart signi® cantly from a linear function,
whereas at positive voltages the tilt angle pro® les become
S-shaped.

Figure 3. A variation of the density of impurities mainly This peculiarity can be understood quite straight-
changes the optical response at positive voltages, and the forwardly once it has been recognized that on going
e� ect is clearly non-linear. The solid line corresponds to from the homeotropic plate to the homogeneous one,the best-® t value of n , 1.2 Ö 102 0 mÕ 3 , whereas the dotted
and the dashed lines represent n =8.9 Ö 101 9 mÕ 3 and
1.7 Ö 102 0 mÕ 3 , respectively. The other two parameters
are set to their best-® t values; again, the crosses represent
the experimental data.

is a change of the slope of the optical path di� erence.
Quite obviously, the e� ect is not linear and is voltage-
dependent, which implies that for V > 0 the electro-
mechanical equilibrium of the hybrid cell is somewhat
more delicate than for V< 0. Another signature of this
complex behaviour is the non-monotonicity of the
optical response for voltages from 0.5 to 1.5 V.

A similar phenomenon is observed by varying the
anchoring strength at the homeotropic plate (® gure 4):

Figure 5. Selected tilt angle pro® les illustrate the delicateby increasing the anchoring, the optical path di� erence
interplay of anchoring, ¯ exoelectric e� ect, and chargedbecomes steeper at positive voltages, but at negative impurities. The curves correspond to the best-® t values

voltages it appears to be practically independent of W. of the material parameters and V =Õ 3 V (a), Õ 1 V (b),
1 V (c), 1.15 V (d), 2.5 V (e), and 3 V ( f ).A variation of the anchoring strength about the best-® t
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1176 S. Ponti et al.

the tilt angle must increase from # 0 to p/2 so that w ¾ is positive voltages. They extracted both the quadratic
and linear part in E, and from the latter they computedgenerally positive. Now if the ¯ exoelectric coe� cient is

positive, the ¯ exoelectric term Õ (e/2) sin(2w)w ¾ U ¾ can the anchoring strength and the ¯ exoelectric coe� cient.
At very high voltages the dielectric e� ect is indeedlower the free energy [equation (10)] at positive voltages,

i.e. positive U ¾ . Due to the screening e� ect of the dominant and Dl is roughly quadratic in E. However,
due to the ¯ exoelectric polarization, the minimum ofimpurities, U ¾ is largest in both subsurface regions, and

a large part of the variation of w across the cell actually the parabola Dl3 E2 is shifted by VP = (e/2ea e0 ) ln(e) /ed)
with respect to the nominal voltage di� erence betweentakes place in the subsurface regions to lower the free

energy as much as possible. From this point of view it the electrodes, and this was not taken into account
in the original analysis of the data. Consequently, theis clear that at positive voltages the system must be very

sensitive to the density of impurities, which enhances part taken from the left, negative branch of the above
parabola does not coincide specularly with the partthe electric ® eld in the boundary region, and to the

strength of the anchoring, which determines w ¾ at the taken from the right, positive branch. This explains the
polar optical response. Furthermore, for negative voltagehomeotropic boundary. Note that such a behaviour is

not expected in pure samples, because a localized and, shifts, the right branch of Dl is steeper than the left one
as observed in the experiment. Since for MBBA e) /ed> 1therefore, strong variation of the electric potential can

only occur due to the screening e� ect of the charged and ea < 0, this indicates that e must be positive.
In our analysis we have neglected the surfaceimpurities.

Of course, the decrease of the free energy associated polarization, which occurs because of the di� erence
between the chemical a� nities of the two ends of awith the subsurface deformation also depends on the

¯ exoelectric coe� cient. But in a hybrid cell, ¯ exoelectric nematic molecule at the substrate [20± 22]. The resulting
polar order, localized in a layer with a thickness of onecoupling is a bulk e� ect, whereas the above mechanism

is localized to the subsurface regions. That is why the or two molecular lengths, gives rise to an e� ective surface
polarizationoptical response of the system does not depend on the

¯ exoelectric coe� cient only at positive voltages (where
Ps = mN 0 (Ph Õ Pt )n (19)the free energy of the system can be lowered by subsurface

distortion of the director ® eld) but also at negative where N 0 is the total number of molecules per unit
surface and Ph (Pt ) is the probability for a molecule tovoltages.

We have to stress that because of rather weak touch the surface with its head (tail).
This polar term can also be responsible for the linearanchoring at the homeotropic plate (in our calculations

W# 1.6 Ö 10Õ 5 J mÕ 2 ) the optical path di� erence is not response of a nematic cell [23], but only if anchoring is
rather weak. In fact, if the polar order at the surfaceentirely voltage-independent at low voltages. The tilt

angle varies due to the subsurface electric ® eld, which, is assumed to be perfect, Ps is approximately given
by (m/pR2 )n, wherem is the molecular dipole momentalthough screened, penetrates into the sample. The

discrepancy between the experimental data and the and R is the radius of the spherocylinder used as a
rough model of the cigar-like MBBA molecule. Thetheoretical values of the optical path di� erence in the low

voltage regime is however of the order of the tilting electrostatic energy density per unit surface is given
by Ps ¯ E. Since at low voltages E# V/LD we obtaincompensator accuracy # 10Õ 2 mm. This means that the

low voltage variation of Dl(V ) might be di� cult to Õ Ps E# mV/pR2 LD # 10Õ 6 J mÕ 2 , an order of magni-
tude less than the best-® t value of the anchoring strength.identify, although it is theoretically predictable.

In conclusion, the optical response of the system Hence surface polarization is expected to play an
important role only if the anchoring energy is very weak.is a delicate interplay of various mechanisms, and

the values of the material parameters that give the Note that the value reported above for the electrostatic
energy due to surface polarization has been obtainedbest ® t to the Madhusudana± Durand data read:

e = 8.8 Ö 10Õ 1 1 C mÕ 1 , n = 1.2 Ö 102 0 mÕ 3 , d = 20.8mm, by assuming perfect polar order, which is an obvious
over-simpli® cation, and this implies that the actual valueand W = 1.6 Ö 10Õ 5 J mÕ 2 . These ® gures are reasonable

(e.g. the density of impurities corresponds to about of Ps is considerably smaller than m/pR2 .
0.1ppm) and are determined with an accuracy of ~5%.

Our value of the ¯ exoelectric coe� cient di� ers both 5. Conclusions

We have discussed the ¯ exoelectric e� ect in a hybridin magnitude and sign from the Madhusudana± Durand
estimate, but agrees, at least as far as its sign is con- nematic liquid crystal cell in the presence of charged

impurities, and we have compared the electro-opticalcerned, with the ® gures reported by other authors
[10± 12]. In the Madhusudana± Durand model the sign response of the system with the experimental data of

Madhusudana and Durand. We have shown that theof e was determined by comparing Dl(V ) at negative and
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